We start with some methodic remarks referring to purely bosonic quantum systems and then explain how corrections to the leadingorder quasiclassical result for the fermion-graded partition function Tr{(−1) F e −βĤ } can be calculated at small β. We perform such calculation for certain supersymmetric quantum mechanical systems where such corrections are expected to appear. We consider in particular supersymmetric Yang-Mills theory reduced to (0+1) dimensions and were surprised to find that the correction ∝ β 2 vanishes in this case. We discuss also a nonstandard N = 2 supersymmetric σ-model defined on S 3 and other 3-dimensional conformally flat manifolds and show that the quasiclassical expansion breaks down for this system.
Introduction
For many supersymmetric quantum systems, the fermion-graded partition function 1 This is how the object (1.1) will be called in this paper (no established term for it exists in the literature). We admit that this name is awkward, but it is not misleading like "supersymmetric partition function" or "index" would be. (i) Z F −grade (β) is not the partition function Tr{e −βĤ } of a supersymmetric system. Besides, though supersymmetric theories provide the main motivation and interest in studying the quantity (1.1), the latter can be defined for any system involving fermion degrees of freedom. (ii) If Z F −grade (β) depends on β, it does not coincide with the index (1.2).
does not depend on β and and defines the Witten index of the system
Usually, Z F −grade (β) can be evaluated at small β with quasiclassical methods. The leading order result is [1] Z F −grade (β) = i dp i dq i 2π a dψ a dψ a exp −βH cl (p i , q i ;ψ a , ψ a ) , (1.3) where (p i , q i ) and (ψ a , ψ a ) are bosonic and fermionic phase space variables, and H cl is the classical Hamiltonian function corresponding to the quantum HamiltonianĤ.
This philosophy does not always work, however. First of all, one can claim that Z F −grade (β) is β-independent only for the systems with discrete spectrum. Then the contributions of the degenerate boson and fermion states cancel in the trace and only the zero-energy states contribute. If the spectrum is continuous, this reasoning fails and Z F −grade (β) can be a nontrivial function of β.
As an important example of supersymmetric quantum mechanics (SQM) with continuous spectrum, consider the super-Yang-Mills (SYM) quantum mechanics obtained by dimensional reduction of SYM theories. The system has two conserved complex superchargeŝ
(they formed a Weyl spinor before reduction) and, being restricted on the Hilbert space (1.5) enjoys the N = 2 SQM algebra {Q α ,Q β } + = δ αβĤ . The classical potential in Eq.(1.4) vanishes in the "vacuum valleys" with f abc A b i A c j = 0. Due to supersymmetry, degeneracy along the valleys survives also after quantum corrections are taken into account. As a result, the system tends to escape along the valleys, the wave function of the low-energy states is delocalized, and the spectrum is continuous (this implies, incidentally, the continuity of the mass spectrum of supermembranes [2] ). The calculation of Z F −grade (β) for the system (1.4) in the quasiclassical aproximation gives a fractional number. For example, for the SU(2) gauge group [3, 4, 5] On the other hand, this system does not have normalized vacuum state with zero energy and
A similar mismatch between the values of Z F −grade (β) in the two limits shows up in more complicated SYM QM systems. Z F −grade (0) is always fractional [6, 7] , while the Witten index vanishes for the N = 2 and N = 4 systems (the latter are obtained by dimensional reduction from 6-dimensional SYM theories) and acquires a nonzero integer value for the systems obtained by the reduction of 10-dimensional SYM theories and involving 8 complex supercharges [8, 9, 5] .
In Sect. 5 we will deal with this system and calculate the 1-loop corrections to the fractional leading order result for Z F −grade (β) at small β. Remarkably, the corrections of order β 2 vanish in all cases. We expect, however, nontrivial corrections to appear in higher loops.
For the systems with discrete spectrum, Z F −grade (β) is β-independent, but, contrary to naive expectations, it does not always mean that it can be evaluated with the quasiclassical formula (1.3). In Sect. 6 we discuss a rather nontrivial example of a nonstandard N = 2 supersymmetric σ model living on S 3 , for which the phase space integral (1.3) does not give a correct result for the index.
The model belongs to a class of N = 2 supersymmetric σ models living on 3-dimensional conformally flat manifolds [10, 11] . The supercharges and the Hamiltonian of the model have the form
where the differential operatorsp k = −i∂/∂x k andψ α = ∂/∂ψ α act on everything on the right they find. The algebra
If the manifold is compact, the spectrum is discrete. For
, there are two bosonic states with zero energy, which gives I W = 2. On the other hand, the integral (1.3) is not equal to 2. Moreover, its value depends on the way the ordering ambiguities are resolved and a classical counterpart of the quantum Hamiltonian in Eq.(1.9) is defined. Also, there are nonvanishing corrections, which are of the same order as the leading order result and as the two-loop and higher-loop corrections. The whole quasiclassical expansion for Z F −grade (β) breaks down. To prepare ourselves for the discussion of these comparatively complicated problems, we start in the next section with recalling the technique of calculating the loop corrections to the ordinary partition function Z = Tr exp{−βĤ} for purely bosonic systems. Gauge QM systems, where the calculation involves certain subtleties, are considered in Sect. 3. In Sect. 4 we generalize the analysis to the systems with fermion dynamic variables, being especially interested in supersymmetric systems. We consider the simplest SQM system due to Witten [12] , where the corrections to Z F −grade (β) vanish even in the cases when the spectrum is continuous and one could expect a priori the corrections to appear. Sect. 5 is devoted to SYM QM and Sect. 6 -to the N = 2 supersymmetric σ-model on S 3 . The last section is reserved, as usual, to recapitulating the results and to the discussion.
2 Quasiclassical expansion of the partition function.
Consider a purely bosonic QM system. To leading order, the partition function is given by the integral
Strictly speaking, the function H cl is not uniquely defined due to the ordering ambiguities, but the ambiguity in the prescriptionĤ → H cl (p i , q i ) does not affect the results in the leading order in β. 2 We will stick to the most convenient choice and assume that H cl (p i , q i ) coincides with the Weyl symbol [13] of the quantum HamiltonianĤ. For sure, the final results (when all corrections are taken into account) do not depend on convention.
The result (2.1) represents the leading term in the high-temperature (small β) expansion for Z. The next-to-leading term is suppressed compared to Eq.(2.1) as ∼ β 2 E 2 char , where E char is the characteristic energy scale. For the Hamiltonian of the simplest type,
the partition function is given by the well-known expression [14] 
. In a generic case, the result is [15] 
The result (2.4) can be derived in two ways. First, one can note that 
where τ is the Euclidean time. Periodic boundary conditions
are imposed. For very small β, we can ignore the τ -dependence of our variables and set q(τ ) ≈q and p(τ ) ≈p. The measure DpDq happens to go into (dpdq)/(2π) and we are reproducing the result (2.1). To find the corrections, we write
with dτ x(τ ) = dτ s(τ ) = 0 and assume x(τ ) and s(τ ) to be small. Expanding over x(τ ) and s(τ ) up to the second order (the linear terms vanish), we obtain
The prime in the measure D ′ sD ′ x means that the zero Fourier harmonics of s(τ ) and x(τ ) are constrained to be zero. Let us make now the canonical transformation
It leaves invariant the measure and the Poisson bracket,
We obtain
where
(2.14)
If the integration over the zero harmonics of S(τ ) and X(τ ) were also included, the inner integral would determine the partition function of the harmonic oscillator. As it is not included, the integral represents the ratio of the full partition function of the oscillator
and the integral in accordance with Eq.(2.5). The higher-order terms of the expansion of sinh −1 (βω/2) give the corrections ∝ β 4 etc, but, to take the latter into account correctly, one has also to keep higher terms in the expansion of the Hamiltonian over s(τ ) and x(τ ).
In the general multidimensional case, the corrections may be found by solving the quantum mechanical problem with the Hamiltoniañ
With a proper choice of variables, the Hamiltonian (2.18) describes the (multidimensional) motion of a scalar charged particle in a generic oscillator potential and in a constant magnetic field. The problem can be solved exactly. It is reduced to a set of oscillators whose frequencies can be found algebraically. The simplest way to do it is to calculate the Gaussian path integral for Z. On the first step, we integrate over the momenta s j (τ ) (with the zero Fourier modes subtracted) and express the multidimensional analog of the inner integral in Eq.(2.9) as
Let us expand
and do the integral over
.
and N is the number of degrees of freedom. The normalization factor in Eq.(2.22) is chosen such that I represents the ratio of the full partition function of the system (2.18) and this partition function in the quasiclassical limit. For the free Hamiltonian
where −Ω 2 j are the roots of the corresponding polynomial.
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The ratio (2.22) acquires the form
and the full partition function
(2.26) 3 To prove that the left side of Eq.(2.24) is, indeed, a polynomial in ω 2 n , let us choose a basis where A = 1 1. We are left with the expression det ω 2 n + ω n F + S , where S and F are symmetric and antisymmetric real matrices. It is not difficult to see now that the odd powers of ω n in the expansion of the determinant cancel out.
represents a product of the partition functions of the harmonic oscillators with frequencies Ω j . Generically, Ω j appearing on the right side of Eq.(2.24) are complex. For example, it is so for a not positive definite and hence nonHermitian Hamiltonian (2.18) with A = −C = 1 1, B = 0. If the Hamiltonian is Hermitian, all Ω j are real. The spectrum has the form
As a simplest nontrivial example, consider the 2-dimensional Hamiltonian
which gives the frequencies
The result (2.30) was obtained earlier by a different method [16] . In this paper, our primary concern are the corrections ∝ β 2 in the partition function. To find them, we do not need to determine all eigenfrequencies Ω j . It suffices to expand the right side of Eq.(2.22) in β using the identity
where the relation ∞ n=1 (1/n 2 ) = π 2 /6 was used. The result (2.31) coincides with the square bracket in Eq.(2.4).
3 Gauge quantum mechanics.
In order to prepare ourselves for the discussion of the SYM quantum mechanics, we are going to be as instructive as possible and consider two simple quantum mechanical models involving gauge symmetry.
SO(2) gauge oscillator.
The simplest gauge QM system is the constrained two-dimensional oscillator (see e.g. Ref. [17, 18] ). It is the system described by the Hamiltonian
with the constraintp
The spectrum of the system involves all rotationally invariant states Ψ phys n , ǫ n = ω(1 + 2n), and the partition function can be found straightforwardly
The same result is obtained by using functional methods. We start from the representation
where K(x φ , x; −iβ) is the Euclidean evolution operator of the unconstrained system (3.1) and x φ i = O ij (φ)x j , O ij being an SO(2) matrix. The integral over dφ kills all rotationally noninvariant states in the spectral decomposition of K. Eq.(3.4) can be expressed into a path integral,
The boundary conditions can be rendered periodic by changing the variables
We arrive at
and y(β) = y(0). If one wishes, one can upgrade the integral over dφ to the path integral over the periodic functions φ(τ ). Then the Lagrangian (3.9) with time-dependent φ(τ ) is invariant under the gauge transformations
The form (3.8) is more convenient, however. Substituting there the Fourier expansion for y(τ ) and doing the Gaussian integrals, we obtain
where the product ′ n is done over positive and negative nonzero integer n. The integrand is periodic in φ and we used this fact, while changing the integration limits. The constant factor is fixed by the requirement that the inner integral in Eq.(3.8) reproduces in the limit φ = 0 the partition function of the unconstrained 2-dimensional oscillator. Performing the product, we obtain
Let us now study the quasiclassical expansion of Z. To leading order, the product over nonzero modes in Eq.(3.11) can be ignored, and we have
The same result is obtained in the Hamiltonian approach
14)
To find the higher order terms in the quasiclassic expansion, let us expand the integrand in Eq.(3.11) [or in Eq.(3.12), which is easier] over φ and βω.
Taking into account the leading and the next-to-leading term, we obtain
We seem to be in hot water now: the integral over φ diverges linearly at large φ or, if we keep the integration limits finite, it is determined by the region of large φ, where the expansion is not valid. Still, the correction can be calculated with the following recipe:
• Extend the limits of integration over φ to ±∞
• Forget about the divergence and calculate the correction as the residue of the integrand at the pole at φ = iβω .
We obtain, indeed
which coincides with the expansion of Eq.(3.3). Also next-to-next-to-leading and all other corrections can be obtained in this way.
This recipe seems to be rather wild, but it is not difficult to justify it quite rigourously. This is done with the following chain of relations
We want to note here that essentially the same procedure of replacing divergent integrals by the residue contributions was used in Refs. [6, 7] when calculating the fermion-graded partition function for SYM QM in the leading quasiclassical approximation. No justification of this procedure was given there, but we believe that it can be eventually found along the same lines as in the trivial example discussed above. The final remark is that the corrections ∝ (βω) 2 and ∝ φ 2 in the expansion (3.16) can, in the full analogy with Eq.(2.4), be cast in the form
withH given by Eq.(3.15).
SO(3) gauge oscillator.
The next in complexity example is the SO(3) gauge oscillator [17] with the HamiltonianĤ Ĝ a can be interpreted as generators of isotopic gauge rotations. Only the isosinglet states are present in the physical spectrum. Proceeding in the same way as above, we can represent the partition function of this system as the following path integral
Periodic boundary conditions for A a i (τ ) are imposed. Now, DO(φ) is the Haar measure on the SO(3) group normalized to DO(φ) = 1. Explicitly,
To find the inner integral in Eq.(3.22), we can set φ a = (0, 0, φ). Then the variables A 3 i are "neutral" with respect to φ a and 6 remaining "charged" variables are decomposed into three pairs, which are coupled to φ in the same way as the pair x i was coupled to φ in the SO(2) case.
The calculation of the functional integral for the partition function involves the products over the modes. Each pair of charged variables brings about the factor
and each neutral variable provides a φ-independent factor 1 βω
Integrating it over φ with the measure (3.24), we obtain the result At large β,
This asymptotic expansion corresponds to the presence of the ground state with energy 9ω/2, which is an isosinglet; the absence of isosinglets with energy 9ω/2 + ω; the presence of 6 isosinglets with energy 9ω/2 + 2ω (their wave functions have the form
; the presence of one isosinglet with energy 9ω/2 + 3ω (its wave function involves the factor
This result can be reproduced by quasiclassical expansion of the integrand in the path integral. To leading order, the partition function is given by the integral
If corrections in quasiclassical expansion are taken into account, the integral for the partition function reads
where the factor 1 − φ 2 /12 comes from the expansion of the factor 2(1 − cos φ)/φ 2 in the measure (3.24) and the correction ∝ β 2 in the inner integral has the same origin as before. We emphasize that the integrals in Eqs. 
which coincides with the expansion of the integral in Eq.(3.27) where the upper limit is set to infinity. The integral (3.33) converges, but the expansion up to the terms ∝ φ 4 , ∝ φ 6 , etc results in divergent integrals and only the contribution of the residues at φ = iωβ should be taken into account.
The recipe given after Eq.(3.16) works again. It can be justified in the same way as above by using the periodicity of the integrand in the exact expression for Z O(3) (β) in Eq.(3.27).
4 Supersymmetric quantum mechanics.
In this section, we will study the fermion-graded partition function (1.1) in the simplest supersymmetric quantum mechanical system [12] . The (classical) Hamiltonian of the model is
where ψ,ψ are holomorphic fermion Grassmann variables. The function V (x) is called superpotential. The fermion-graded partition function is given by the Euclidean path integral where both bosonic and fermionic variables are periodic in Euclidean time τ . 4 To leading order, one can assume x, p, ψ, and ψ to be constant, and we arrive at the result (1.3). Performing the integrals over dψdψdp, we obtain
2 /2 grows at large x, the spectrum is discrete and Z F −grade = ±1 or 0 , depending on the asymptotics of V (x). Z F −grade defines in this case the Witten index of the system. In the next-to-leading order, Z F −grade is given by the integral 
Substituting it in Eq.(4.3) and doing the integral over dψdψdp, we obtain
In other words, the corrections to the leading order result for Z F −grade (β) vanish in this case, as should have been expected in advance.
Actually, the correction (4.6) always vanishes, even for the systems with continuum spectrum, where Tr{(−1)
F e −βĤ } may depend on β. As an example, consider the Hamiltonian (4.1) with
In this case, V ′ (x) = (1/a) tanh(x/a) tends to a constant at large x and the spectrum is continuous. The fermion-graded partition function depends on β and it is seen already in the leading quasiclassical order,
where Φ(x) is the probability integral. This expression alone provides the correct asymptotics lim β→∞ Z F −grade (β) = 1 corresponding to the presence of the normalized vacuum state with
And the integral (4.6) and probably also all higher-order terms in the quasiclassical expansion vanish.
As another example with continuous spectrum and mismatch between Tr{(−1) F e −βĤ } and the Witten index, consider the superconformal SQM with V (x) = λ ln(x/a) [19] . If λ > 1, we have the singular repulsive potential ∝ 1/x 2 in both the bosonic and fermion sectors so that the motion is restricted to the half-line x ∈ (0, ∞). Hence, the integral (4.2) is done within the limits 0 ≤ x < ∞, and we obtain Z F −grade (β) = 1/2 in the leading order. The integral (4.6) and all higher-loop corrections vanish, however. In this case, it is not so surprising. The Hamiltonian (4.1) with V (x) ∝ ln x does not involve a dimensionful parameter and neither E char nor the dimensionless parameter of the quasiclassical expansion βE char can be defined.
SYM quantum mechanics.
There are systems, however, for which the quasiclassical series for Z F −grade (β) is expected to be "alive". In this section we consider the gauge supersymmetric quantum mechanical systems obtained by dimensional reduction from N = 1 SYM field theories in 4, 6, and 10 dimensions. We will refer to them as N = 2 , N = 4, and N = 8 SYM QM systems, indicating the number of different complex supercharges Q α . Consider first the N = 2 system described by the Hamiltonian (1.4) and the constraints (1.5). To leading order, the partition function is given by the integral [3, 4] 
where βgA a 0 ≡ φ a are gauge parameters and V G is the volume of the gauge group. The notation A 0 G ≡ A a 0 G a is used. As was mentioned in the introduction, the calculation of the integral (5.1) gives a fractional number, while the Witten index Z SYM (β = ∞) is integer (it is zero for the N = 2 and N = 4 systems). Also, the Hamiltonian (1.4), in contrast to the Hamiltonian of the superconformal quantum mechanics considered at the end of the previous section, involves a dimensional parameter g [remember, we are not in (3+1), but in (0+1) dimensions !]. The characteristic energy scale is E char ∼ g 2/3 (this estimate is easily obtained by equating the characteristic kinetic and potential energies, 1/A 2 ∼ g 2 A 4 ), and we expect Z SYM (β) to be a nontrivial function of β tending to the limit (5.1) when βg 2/3 ≪ 1 and to the integer Witten index when βg 2/3 ≫ 1. We want to calculate the correction ∝ β 2 to the result (5.1). Using the experience acquired when studying toy models in the previous sections, we understand that we have to (i) take into account the expansion of the Haar measure on G and (ii) calculate the correction 1 + δ in the integrand, where δ(P For the N = 8 system obtained by dimensional reduction from 10-dimensional SYM theory, we meet a difficulty: the SO(9) group admits only real spinor representations and, though one can still introduce complex holomorphic fermion variables, the Hamiltonian expressed in these terms does not have a natural structure, the fermion number is not conserved, etc. It is more convenient to write the fermionic term inH as
where λ a α are now real fermion variables; α, β = 1, . . . , 16 and µ = 0, 1 . . . , 9. When µ = j is spatial, Γ j are 16 × 16 real and symmetric 9-dimensional Γ matrices, {Γ j , Γ k } + = 2δ jk . Also, Γ 0 = i. Eight holomorphic variables in terms of which Eq.(4.4) is written are expressed via λ a α as
If using the variables λ instead of µ, the fermionic contribution to δ is cast in the form
Combining this with Eq.(5.5) and with the twice as large value of δ ferm for N = 4, we can write
Adding Eqs.(5.9) and (5.4) (the mixed contributions involving both bosonic and fermionic derivatives vanish in this case), we obtain
This is not yet the full story. The total correction is obtained if adding to Eq.(5.10) the correction coming from the expansion of the measure. We have already calculated this correction for the SU(2) group. The corresponding factor in the measure is
We see that the correction coming from the measure cancels exactly the correction (5.10) and the total correction ∝ β 2 to the integrand in Eq.(5.1) vanishes ! One can show that this cancellation works not only for SU(2), but for any gauge group G. The measure on an arbitrary Lie group is given by the Weyl formula. To write it, represent an element g of the group G as
where h belongs to the Cartan subalgebra h of the corresponding Lie algebra g and Ω belongs to the coset G/T , where T = [U(1)] r is the maximal torus in G, r is the rank of the group. After integrating over angular variables (residing in Ω), we obtain (see e.g. [20] ) 12) where the product runs over all positive roots α i of g. We remind that the roots are certain linear forms on h. Each positive root α correspond to a pair of root vectors e α , e −α such that [h, e ±α ] = ±α(h)e ±α for any h ∈ h. The expansion of the measure (5.12) at small h gives
Using the identity [20] i 14) where h are the matrices in the fundamental representation, substituting h = βgA a 0 t a , and restoring the angular variables, we obtain
which cancels with Eq.(5.10). Let us illustrate this general result by calculating the correction to the measure for the group SU(3). After conjugating A a 0 t a to the Cartan subalgebra, we can write
There are three positive roots:
The measure (5.12) has the form
Expanding this, we obtain the factor
in agreement with (5.15). Thus, we arrive at a rather unexpected and remarkable result: the total correction ∝ β 2 to the fermion-graded partition function of the SYM quantum mechanics vanishes for all groups and all N .
Consider the system (1.9) with
The bosonic part of the Hamiltonian coincides up to a constant shift with the Laplacian on S 3 ,Ĥ
where the metric is written in the stereographic coordinates,
3)
The relation r = |x| = 2R tan Θ 2 holds, where Θ is the polar angle on S 3 . The constant R is the radius of the sphere. The Hamiltonian (6.2) acts upon the wave functions with canonical normalization
Alternatively, one can perform a unitary transformation and defineĤ cov = f 3/2Ĥ f −3/2 , which acts on the covariantly normalized wave functions
Now, S 3 is a compact manifold, the motion is finite, and the spectrum is discrete. There are two bosonic supersymmetric vacua, which are annihilated upon the action of the Hamiltonian and supercharges (1.9). Their wave functions are
The functions (6.6) correspond to the covariant wave functions
(6.7)
The wave function (6.7) is singular at the north pole of the sphere, but this singularity is of a benign, normalizable kind. Let us discuss this important point in some details. When one considers a purely mathematical problem of the spectrum of the Laplacian on a sphere, only nonsingular eigenfunctions are usually considered. One of the reasons for that is that the function (6.7) is not strictly speaking an eigenfunction of the Laplacian, the action of ∆ cov on (6.7) gives besides (−3/8R
2 )Ψ cov also a δ function singularity at Θ = π. However, if one considers S 3 with its north pole removed, nothing prevents us to bring into consideration singular normalizable wave functions of the type (6.7).
Consider now the standard N = 1 supersymmetric quantum mechanics on S 3 [21] . The bosonic part of the Hamiltonian is, again, the Laplacian, but in this case the proper Hilbert space does not include singular wave functions. The matter is that, though the function (6.7) is normalizable, the function obtained from it by the action of the N = 1 superchargeQ (we remind that Q N =1 is the operator of external differentiation acting on the forms) is not. Indeed,
(the vielbein e i a was chosen in the form e i a = f δ ai ), and the normalization integral (6.5) diverges linearly at large distances. Therefore, the function (6.7) does not have a normalizable superpartner and is not admissible by that reason [22] .
In our case, however, the wave functions (6.6) are annihilated by the superchargesQ α ,Q α , and there is no reason whatsoever to ignore them. In the sector with F = 1, Ψ(x, ψ α ) = P α (x)ψ α , normalizable solutions to the equationsQ α Ψ =Q α Ψ = 0 are absent. Thus, there are no normalizable fermionic vacuum states and the Witten index is equal to 2 − 0 = 2.
Let us calculate now the functional integral for the fermion-graded partition function. As the spectrum is discrete, one could expect a priori that, as it was the case for the simple models of Sect. 4, the leading order calculation gives the correct result Tr{(−1) F e −βĤ } = 2, and the higher-order corrections vanish. The actual situation is much more interesting.
And they are. First, note that, for small β, the characteristic values of r = |x| are large: r char ∼ R 2 / √ β. Also, one can estimate
It follows that p char r char ∼ 1 and the correction δ calculated according to the rule (4.4) is estimated to be of order 1. Thus, the "correction ∝ β 2 " does not depend on β at all in this case, but is simply a number ! The same concerns the higher-loop corrections: they are all equal to some numbers, and there is no expansion parameter.
This remarkable result can be given the following explanation. First, for a supersymmetric system with discrete spectrum, Tr{(−1)
F e −βĤ } just cannot depend on β and that refers also to the individual terms in the quasiclassical expansion. If higher-loop corrections appear, they have to be β-independent numbers. Second, as was discussed before, the proper quasiclassical expansion parameter is βE char . For the system under consideration, the charateristic energy is determined by the radius of the sphere: E char ∼ 1/R 2 On the other hand, r char ∝ β −1/2 are large, which means that the integral is saturated by the region at the vicinity of the north pole, where the metric is almost flat. In other words, our integral does not "know" about the existence of the sphere and about the value of R. It does not depend on E char and cannot thereby depend on β. The situation is similar to the situation for the superconformal quantum mechanics, discussed at the end of Sect. 4. The difference is that in the case of superconformal quantum mechanics higherorder corrections vanish. Here, all such corrections have the same order and the quasiclassical expansion breaks down.
Discussion.
The main subject of this paper was the studying of the quasiclassical expansion of Z F −grade (β) for supersymmetric systems. But the results obtained in Sect. 2,3 for purely bosonic systems also present a certain methodical interest.
To derive the expression (2.4) by functional methods, we had to solve the spectral problem with generic quadratic Hamiltonian (2.18). The explicit solution is given in Eqs.(2.27), (2.24). 6 Further, one can derive as a corollary the following purely mathematical theorem:
Theorem. Let S be a symmetric real matrix with the positive eigenvalues and let F be an antisymmetric real matrix.
Then all the roots λ (k) of the polynomial det λ + √ λF + S (7.1) are real and negative (and the roots of the polynomial det λ + i √ λF − S are real and positive).
Proof. Consider the Hamiltonian
If all eigenvalues of S are positive, the quadratic form S ij x i x j is positive definite and the whole differential operator (7.2) is positive definite. Hence, it has a real positive spectrum (2.27) and hence all Ω j and Ω We do not know whether this fact is known to mathematicians and whether it can be proven by purely algebraic methods.
In Sect. 3 we studied the quasiclassical expansion of Z for gauge QM systems. We have learned that, when calculating the corrections, (i) We have to extend the limits of integration over the gauge parameters to infinity even if the gauge group is compact. (ii) If the integral thus obtained diverges, the correction is still finite and is given by the residue of the integrand at the same pole which shows up in the integral to leading order.
We believe that this lesson might help to justify the calculation of the leading quasiclassical contribution to Z F −grade (β) in SYM quantum mechanics, performed in Refs. [6, 7] . (To calculate the integral, the authors of Refs. [6, 7] first deformed the system by introducing mass parameters and then replaced the divergent integrals by the pole contributions as if the integrals were convergent.)
Our initial guess when studying supersymmetric QM systems was that 6 We were not able to find these results in the literature.
• For the systems with discrete spectrum, Z F −grade , which does not depend on β, is calculated correctly in the leading quasiclassical approximation and all corrections vanish.
• For the systems with continuous spectrum, the quasiclassical series comes to life. The sum of the series gives a nontrivial function Z F −grade (β) determining the index (1.2) in the limit β → ∞.
Unexpectedly, we have discovered a lot of other scenarios.
• For 1-dimensional SQM systems with continuous spectrum, the function is determined by the leading quasiclassical contribution as it is the case when the spectrum is discrete. (The difference is that, for the system with continuum spectrum, Z F −grade may depend on β.) The loop corrections vanish.
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• Surprisingly, the 1-loop corrections vanish also for the SYM systems for all N = 2, 4, 8 and for all groups. (The cancellation occurs if all the effects of order β 2 , including the expansion of the Haar measure, are taken into account.) Here we do not expect the corrections at the twoloop level or higher to vanish as well. A calculation of such corrections is an interesting though not so simple problem.
• On the other hand, we have found a system with discrete spectrum, described in Eq.(1.9), where the corrections to the leading quasiclassical result do not vanish, though they do not depend on β and are all of the same order.
A following interpretation of this fact can be suggested. In the standard supersymmetric σ-model on a compact manifold, the Witten index coincides with the Euler characteristics χ of the manifold. The leading term in the quasiclassical expansion for Z F −grade is none other than the known integral representation for χ. In the nonstandard model (1.9), the Witten index is equal to 2 for S 3 , while χ(S 3 ) = 0. One can represent 2 = β 0 + β 3 , where β i are the Betti numbers, but no integral representation for this quantity is known. And that is why a "normal" scenario for a system with discrete spectrum -Z F −grade is determined by the leading-order formula and the corrections vanishis not realized in this case.
• We did not find a system where the 1-loop correction to Z F −grade (β) would have a normal order ∼ (βE char ) 2 with a nonvanishing coefficient. It would be interesting to find one.
I am indebted to D. Robert for illuminating discussions.
Appendix: Quasiclassical expansion and star product.
We outline here how the result (2.4) for the quasiclassical correction to the partition function of a quantum system is derived using operator methods. Bearing in mind the representation (2.5), the problem is reduced to evaluating the Weyl symbol of the exponential exp{−βĤ}. The Weyl symbol of the product of two operators is given by the expression [13] [ÂB] W = exp i 2 where A(p i , q i ) and B(P i , Q i ) are Weyl symbols of the operatorsÂ,B. Now, is the Planck's constant, which we preferred to retain here to facilitate bookkeeping.
In the modern language, the right side of Eq.(A.1) is called the star product A * B of the functions A(p i , q i ) and B(p i , q i ) [24] . The star product is not commutative. The star commutator A * B − B * A is called the Moyal bracket of the functions A, B. In the leading order in , the Moyal bracket is reduced to the Poisson bracket. The star product is associative, however: (A * B) * C = A * (B * C).
We need to determine 
